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Nuclear magnetic resonance spin–spin coupling constants from coupled
perturbed density functional theory

Vladimı́r Sychrovský, Jürgen Gräfenstein, and Dieter Cremera)

Department of Theoretical Chemistry, Go¨teborg University, Reutersgatan 2, S-41320 Go¨teborg, Sweden

~Received 10 April 2000; accepted 18 May 2000!

For the first time, a complete implementation of coupled perturbed density functional theory
~CPDFT! for the calculation of NMR spin–spin coupling constants~SSCCs! with pure and hybrid
DFT is presented. By applying this method to several hydrides, hydrocarbons, and molecules with
multiple bonds, the performance of DFT for the calculation of SSCCs is analyzed in dependence of
the XC functional used. The importance of electron correlation effects is demonstrated and it is
shown that the hybrid functional B3LYP leads to the best accuracy of calculated SSCCs. Also,
CPDFT is compared with sum-over-states~SOS! DFT where it turns out that the former method is
superior to the latter because it explicitly considers the dependence of the Kohn–Sham operator on
the perturbed orbitals in DFT when calculating SSCCs. The four different coupling mechanisms
contributing to the SSCC are discussed in connection with the electronic structure of the molecule.
© 2000 American Institute of Physics.@S0021-9606~00!30431-7#
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I. INTRODUCTION

Nuclear magnetic resonance~NMR! spectroscopy is an
indispensable tool for the determination of molecular str
ture and conformation since the nuclear shielding const
and the scalar spin–spin coupling constants~SSCCs! provide
sensitive probes for the electronic structure of a molecule
has been demonstrated in many review articles and rese
books.1 Quantum chemists have predominantly focused
the calculation and interpretation of nuclear shielding c
stants and the chemical shifts derived from the former
they are both easier to calculate and easier to analyz
connection with structural features.2–9 However, the com-
plete description of an NMR spectrum implies the determ
nation and the understanding of the NMR SSCCs. The SS
between two nuclei depends on the distribution of electr
in a bond or a chain of bonds and, therefore, it represent
important source of information on the bonding situation
the molecule under investigation. An efficient quantu
chemical method for reliably predicting NMR SSCCs will b
a prerequisite for a detailed understanding of the result
the NMR experiment and the routine determination of m
lecular geometry and molecular shape with the help of
NMR experiment.

The coupling of nuclear magnetic moments is provid
by a direct ~through-space! mechanism and an indirec
~through-electrons! mechanism where for the NMR measur
ment in gas or solution phase only the latter mechanism
relevant. The first consistent formulation of the electro
theory of indirect spin–spin coupling was given b
Ramsey,10 who expressed NMR SSCCs in terms of seco
order perturbation theory~which implies that the SSCC ca
be represented as the mixed derivative of the molecular
ergy with respect to the two spin angular momentums of
coupling nuclei!. There are four electronic mechanisms th

a!Electronic mail: Dieter.Cremer@theoc.gu.se
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contribute to the magnitude of the SSCCs, namely the d
magnetic spin-orbit~DSO! and the paramagnetic spin-orb
~PSO! interactions, which represent the interactions of t
magnetic field of the nuclei mediated by the orbital moti
of the electrons where the diamagnetic part reflects the
pendence of the molecular Hamiltonian on the nuclear m
netic moments~Hellmann–Feynman term! and the paramag
netic part reflects the response of the molecular orbitals
the nuclear magnetic field. The Fermi-contact~FC! interac-
tion is also a response property reflecting the interaction
tween the spin magnetic moment of the electrons close to
nucleus and the magnetic field inside the nucleus. Fina
the spin-dipole~SD! interaction represents the interaction b
tween the nuclear magnetic moments as mediated by the
angular momentums of the electrons. For an accurate q
tum chemical description of SSCCs all four terms have to
considered.11

The calculation of SSCCs in form of a derivative of th
total energy was originally done numerically using finit
perturbation~FP! theory, which can be implemented into a
existing quantum chemical method with little additional pr
gramming effort because it requires just the consideration
the magnetic field produced by a nuclear magne
moment.12 For example, FP theory was applied to calcula
SSCCs at MP2,13 MCSCF,14 CI,15 and CC.16 The first at-
tempts to calculate SSCCs with density-functional the
~DFT! used FP theory as well,17 and most current DFT cal
culations of SSCCs employ FP theory for the calculation
the FC term.18–21However, FP methods suffer from numer
cal inaccuracy; besides, the interpretation of the results, e
the decomposition of the total SSCCs into orbital contrib
tions, is problematic.

Since the calculation of SSCCs with the help of analy
cal schemes avoids the disadvantages of FP methods
former were first developed for Hartree–Fock~HF!22 using
Coupled Perturbed HF~CPHF!.23 Later the development o
0 © 2000 American Institute of Physics

 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



ac

re
-
tiv
o

bu
n
s
o

g

a
FT
.
S

ile
th
i

ca
P-
r

od
es

s
XC
s
a
e
he
F
on
nc
tu

ed
in
on

u-
re
ip
m
P
n

e
le

Ap
fu

b

l
und

all
r
n
e
of

ng
ase

R

ifts
ro-

ou-

SCC

d to

u-
ag-
de-

3531J. Chem. Phys., Vol. 113, No. 9, 1 September 2000 NMR spin–spin coupling constants
various correlation correctedab initio methods24,25 including
the second-order polarization propagator appro
~SOPPA!,26 and the equation-of-motion~EOM! coupled-
cluster ~CC! method27 followed where these methods a
based on sum-over-states~SOS! rather than second deriva
tive formulations of the SSCC. DFT represents an attrac
method for the calculation of SSCCs since the availability
improved ~though still approximate! exchange-correlation
~XC! functionals has made DFT to a relative accurate
economical routine method for calculating many differe
molecular properties.28,29 So far, the calculation of SSCC
with analytical schemes was implemented only partially. F
example, Bourˇ and Budeˇšı́nskýcalculated DFT SSCCs usin
SOS density-functional perturbation theory~DFPT!, which
evaluates the analytic derivatives in an approximative w
thus circumventing the iterative Coupled Perturbed D
~CPDFT! procedure by a simpler, noniterative procedure30

In Refs. 18–21, SOS DFPT was used to evaluate the P
contribution and FP theory for calculating the FC term wh
the SD term was neglected at all as this contribution is
most expensive one to calculate, but probably negligible
most cases.

In the present paper, we describe the complete DFT
culation of all four spin–spin coupling terms within the C
DFT formalism where the theory is developed for both pu
and hybrid XC functionals. By applying the CPDFT meth
to a number of representative examples, we will first inv
tigate the performance of DFT for the calculation of SSCC
Second, we will compare the performance of difference
functionals and investigate the dependence of the result
the basis set employed. Then, a comparison of CPDFT
SOS DFPT results will show which of these methods is b
ter suited to calculate SSCCs. Finally, we will focus on t
four coupling mechanisms described by the DSO, PSO,
and SD terms and draw a connection between electr
structure and the information provided by the SSCCs. Si
the latter aspect has been considered in modern quan
chemical investigations of indirect SSCCs only in a limit
way, although it should be of major importance for the
terpretation of NMR parameters, it will find special attenti
in this work.

Our work will be presented~apart from the introduction!
in four parts. In Sec. II, the CPDFT formalism for the calc
lation of SSCCs will be developed, starting from the cor
sponding many-body formalism. Section III gives a descr
tion of the implementation of CPDFT in a computer progra
for routine calculations. In Sec. IV, the performance of C
DFT is discussed for a number of representative calculatio
Also, the four contributions to SSCC values will be analyz
in dependence of the electronic structure of the molecu
investigated where the discussion is supported by two
pendices. Section V gives conclusions and an outlook to
ture work.

II. THEORY OF NMR SPIN–SPIN COUPLING
CONSTANTS

The basic theory for theab initio calculation of the in-
direct SSCCs10 requires that the magnetic field generated
the nuclear magnetic moments
Downloaded 08 Jan 2005 to 129.16.87.99. Redistribution subject to AIP
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MN5\gNIN ~1!

is considered in the Hamiltonian of the molecule, whereMN

is the magnetic moment of nucleusN,gN the gyromagnetic
ratio, andIN the spin angular momentum~in units of \! of
nucleusN. QuantitiesMN and IN are treated in a classica
manner in the present derivation; consequently, the gro
state energy of the system parametrically depends on
nuclear magnetic momentsMN or the corresponding nuclea
spin angular momentumsIN . The indirect SSCC betwee
nucleiA andB is given as the mixed partial derivative of th
total energy with respect to the spin angular moments
these two nuclei,

J=AB5
1

h

]

]IA
+

]

]IB
E~ IA ,IB ,...!u IA5IB5...50 , ~2!

where + denotes the tensor product. For a rapidly rotati
molecule with arbitrarily oriented rotation axes as is the c
in the gas phase or in solution, only the scalar~isotropic!
SSCC given by the trace~Tr! of tensorJ=AB

JAB5 1
3Tr J=AB , ~3!

is relevant, which is determined from the measured NM
spectrum.

The SSCCs as defined in Eqs.~2!, ~3! are in units of
frequencies and thus directly related to the frequency sh
observed in NMR experiments. They depend on the gy
magnetic ratiosgA ,gB of nuclei A,B. For investigations that
concentrate on the electronic nature of the spin–spin c
pling, a quantity that is independent of thegA ,gB would be
more appropriate. Therefore, one defines the reduced S
KAB according to

K= AB5
]

]MA
+

]

]MB
E~MA ,MB ,...!uMA5MB5...50

5
2p

\

1

gAgB
J= AB . ~4!

In the same way as for theJ=AB , the isotropic averageKAB

5 1
3TrK= AB is of particular interest.

A. Many-body Schro ¨ dinger theory

The magnetic field generated by theMN enters the
Hamiltonian in two ways:~i! The momentump has to be
replaced byp2eA(r ), where the vector potentialA(r ) is
given by

A~r !5(
N

m0

4p
MN3

r2RN

ur2RNu3
, ~5!

whereRN is the position of nucleusN andm0 the magnetic
permeability of the vacuum.~ii ! A term covering the inter-
action between the magnetic fieldB(r )5¹3A(r ) and the
spin polarization density of the electrons has to be adde
the Hamiltonian. Points~i! and ~ii ! lead to four additional
terms in the Hamiltonian, corresponding to different co
pling mechanisms. The interaction between the nuclear m
netic moments and the orbital magnetic moments is
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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scribed by DSO and PSO terms while the interact
between nuclear and electronic spin magnetic moments l
to the FC and SD terms:10

ĤM5ĤDSO1ĤPSO1ĤFC1ĤSD, ~6a!

ĤM5 (
A,B

MAH=̂ AB
DSOMB1(

A
MA~ i ĤA

PSO1ĤA
FC1ĤA

SD!.

~6b!

The DSO term is bilinear in theMA and leads thus to the
tensor operatorH=̂ AB

DSO while the remaining terms are linear i
the MA and are expressed by vector operatorsĤA

PSO, ĤA
FC,

and ĤA
SD. The factor ofi in front of ĤA

PSO has been intro-
duced to make the operator and the resulting first-order w
function real. In second quantizationĤM can be expressed i
terms of the one-particle operatorsh= AB

DSO, hA
PSO, hA

FC, andhA
SD

according to

ĤM5E d3r Ĉ†~r !F (
A,B

MAh= AB
DSOMB

1(
A

MA~ ihA
PSO1hA

FC1hA
SD!GĈ~r !, ~6c!

h= AB
DSO5H 1

m S 4pe0\2

e D 2J a4S rA

r A
3 •

rB

r B
3 1= 2

rA

r A
3 +

rB

r B
3 D , ~6d!

hA
PSO5H 4pe0\3

em J a2
rA

r A
3 3¹, ~6e!

hA
FC5H 4pe0\3

em J 8p

3
a2d~rN!s, ~6f!

hA
SD5H 4pe0\3

em J a2F3
~s"rN!rN

r N
5 2

s

r N
3 G , ~6g!

where rN5r2RN , e0 is the dielectric constant of th
vacuum,a is Sommerfeld’s fine structure constant, 1= is the
unit tensor, ands is the electron spin in units of\. The
prefactors enclosed in braces in Eqs.~6d!–~6g! become equa
to one in atomic units. Note thathA

FC andhA
SD are 232 ma-

trices with respect to the electron spin variables.
The DSO term is of second order, and the PSO, FC,

SD terms are of first order in the magnetic momentsMN .
Second-order perturbation theory yields thus the follow
expression for the SSCCs:

~KAB! i j 5^C~0!uĤAB,i j
DSO uC~0!&12^C~0!u iĤ A,i

PSO1ĤA,i
FC

1ĤA,i
SDuC j

~B!&, ~7!

where i,j are indices for Cartesian components,C (0) is the
ground-state wave function forMA5MB5" " "50 and vector
Eq. ~8!

uC~B!&5
]

]MB
uC&MA5MB5" " "50 ~8!

represents the perturbed wave function, which summar
the response of the wave function to the three Cartesian c
ponents of the magnetic moment of nucleusB.

From standard perturbation theory it follows
Downloaded 08 Jan 2005 to 129.16.87.99. Redistribution subject to AIP
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uC~B!&5 i uC~B!,PSO&1uC~B!,FC&1uC~B!,SD&, ~9a!

uC~B!,X&5 (
mÞ0

^Cm
~0!uĤB

XuC0
~0!&

E02Em
uCm

~0!&, ~9b!

whereX5PSO, FC, SD andEm andCm
(0) are the eigenval-

ues and eigenvectors of the unperturbed Hamiltonian.
subscript 0 for the ground state is suppressed in the foll
ing. With the decomposition Eq.~9a! of the perturbed wave
function, the last term at the r.h.s. of Eq.~7! can be decom-
posed into nine components related to the different coup
mechanisms. As pointed out by Ramsey,10 of these compo-
nents those containing the combinationsĤPSO2CFC, ĤPSO

2CSD, ĤFC2CPSO, and ĤSD2CPSO do not contribute to
K= AB , and those containing the combinationsĤFC2CSD and
ĤSD2CFC contribute toK= AB but not toKAB . Therefore, the
isotropic reduced coupling constant can be decomposed
components related to the four coupling mechanisms
represented as

KAB5KAB
DSO1KAB

PSO1KAB
FC1KAB

SD , ~10a!

KAB
DSO5

1

3 E d3r% ~0!~r !Tr h= AB
DSO, ~10b!

KAB
PSO52

2

3
^C~0!uĤA

PSOuC~B!,PSO&, ~10c!

KAB
FC5

2

3
^C~0!uĤA

FCuC~B!,FC&, ~10d!

KAB
SD5

2

3
^C~0!uĤA

SDuC~B!,SD&, ~10e!

where the DSO term has been expressed as a weighted
gral over the density% (0) of the unperturbed state.

B. Density-functional theory

For the calculation ofKAB within DFT,28,29the represen-
tation of the SSCCs as energy derivatives in Eq.~2! is an
appropriate starting point. The total energy of the molec
in the absence of the magnetic fields generated by the nuc
magnetic moments is given in Kohn–Sham~KS! DFT by Eq.
~11!:

E5T1VH1Ven1Vnn1EXC , ~11a!

T5H 1

mJ (
ks

occ

^cksu
p2

2
ucks&, ~11b!

VH5
1

2 H e2

4pe0
J E d3r E d3r 8

%~r !%~r 8!

ur2r 8u
, ~11c!

Ven52H e2

4pe0
J (

A
E d3r

ZA%~r !

ur2RAu
, ~11d!

Vnn5
1

2 H e2

4pe0
J (

AÞA8

ZAZA8
uRA2RA8u

, ~11e!

whereT is the KS kinetic energy,VH , Ven , andVnn are the
electron–electron~Hartree!, electron–nucleus, and nucleus
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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nucleus part of the electrostatic interaction energy,ucks& are
the occupied KS spin orbitals, andZA is the atomic number
of nucleusA. Indexs561 labelsa andb spin orbitals.EXC

is the XC energy, which depends as a functional on the
genvalues of the 232 spin density matrix

%ss8~r !5(
ks

occ

cks* ~r ,s8!cks~r ,s!, ~12!

wheres,s8561 are spin coordinates. If the spin polariz
tion is parallel to the spin quantization axis these eigenva
are just the spin-resolved densities%a(r ),%b(r ). The pre-
factors enclosed in braces in Eqs.~11! become equal to one
in atomic units and will be omitted in the following. Fo
closed-shell molecules, the spin-free parts of the unpertur
a and b KS orbitals are pairwise identical, i.e.,ucks&
5ufk&s(s) wherefk denotes space orbitals ands(s) rep-
resents two-dimensional spinors.

The magnetic field ofMN leads to four additional term
in the DFT energy corresponding to the four additional ter
in the Hamiltonian of Eqs.~6!, which can be expressed wit
the one-particle operators introduced in Eqs.~6c!–6~g!:

E~MN!5EDSO1EPSO1EFC1ESD, ~13a!

EDSO5 (
A,B

MA(
ks

occ

^cksuh= AB
DSOucks&MB , ~13b!

EPSO5(
A

MA(
ks

occ

^cksu ihA
PSOucks&, ~13c!

EFC5(
A

MA(
ks

occ

^cksuhA
FCucks&, ~13d!

ESD5(
A

MA(
ks

occ

^cksuhA
SDucks&. ~13e!

Evaluating the energy derivative of Eq.~4! for the DFT en-
ergy and the related KS equations, the contributions to
isotropic SSCCs result as

KAB
DSO5

2

3 (
k

occ

^fk
~0!uTr h= AB

DSOufk
~0!&, ~14a!

KAB
PSO52

4

3 (
k

occ

^fk
~0!uhA

PSOufk
~B!,PSO&, ~14b!

KAB
FC5

2

3 (
ks

occ

^cks

~0!hA
FCucks

~B!FC&, ~14c!

KAB
SD5

2

3 (
ks

occ

^cks
~0!uhA

SDucks
~B!SD&, ~14d!

where the prefactors are a result of~a! the isotropic averag-
ing ~factor 1/3!, ~b! the expression for the mixed energy d
rivative in perturbation theory~factor 2 for PSC, FC, and SD
term!, and~c! the fact that DSO and PSO terms are expres
in terms of the spin-free orbitalsfk while FC and SD term
are written in terms of the spin-dependent orbitalscks ~fac-
tor 2!. The first-order spin orbitalscks

(B),X are given by
Downloaded 08 Jan 2005 to 129.16.87.99. Redistribution subject to AIP
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ucks

~B!,X&5(
as8

virt ^cas8
~0! uFB

Xucks
~0!&

ek2ea
ucas8

~0! &, ~15!

whereFB
X is the first-order term of the perturbed KS operat

Equation~14a! for the DSO part can easily be rewritten
yield Eq.~10b!, i.e., Eq.~10b! is valid both within the many-
body and the KS formalism. In analogy tohA

FC andhA
SD, FA

FC

andFA
SD are 232 matrices with respect to the electron sp

while for the PSO term Eq.~15! can be reduced to an equa
tion for the space orbitalsufk

(B),PSO& occurring in Eq.~14b!.
As the KS operatorF depends on the KS orbital

through the electron density,FA
X depends on theucks

(A),X&:

FA
X5hA

X1F̃A
X , ~16a!

F̃A
X5(

ks

occ E d3r
dF

dcks~r !
cks

~A!,X~r !, ~16b!

hence, Eq.~15! is no explicit equation for theucks
(A),X& @as Eq.

~9b! is for the uC(A),X&# but has to be solved simultaneous
with Eqs. ~16! in a self-consistent fashion by CPDFT. Th
self-consistent procedure is avoided in SOS DFPT,31 where
concepts from DFT and wave function theory are combin
to Eq. ~15! by a noniterative equation similar to Eqs.~9!. In
its simplest form, SOS DFPT is tantamount to the appro
mationFA

X'hA
X . However, there are no reasons to justify th

approximationa priori. More elaborate versions of SO
DFPT use corrections to the energy denominatorsek2ea in
Eq. ~15! to approximately account for the coupling, i.e., th
one-electron operatorF̃A

X ~see, e.g., Ref. 31!. In general,F̃A
X

may contain contributions from the Hartree potentialvH and
from the XC potentialvXC . For a closed-shell molecule,
magnetic field can lead to first-order changes in the KS
bitals but not in the total density~see, e.g., Ref. 2!. There-
fore, any contribution toF̃A

X resulting from the Hartree po
tential vanishes, andF̃A

X consists of changes invXC solely.
The first-order changes of the KS orbitals may influencevXC

in different ways:

~i! As a result of the coupling with the electron spins, t
nuclear magnetic field leads to spin polarization of t
electron system, which in turn changesvXC . This ef-
fect is relevant for the FC and SD terms.

~ii ! In the presence of a magnetic field, the XC ener
functional depends not only on the electron dens
but also on the electronic current densityj „r ….32 A
magnetic field will changej „r … in first order and thus
influencevXC . However, the currently available ap
proximations for such a current-dependent XC ene
functional33 are problematic to apply; besides, te
calculations for NMR shieldings by Leeet al.34 indi-
cate that the current dependence of the XC functio
has generally little influence on the results. Therefo
DFT calculations of magnetic properties are usua
done with the common,j -independent expressions fo
the XC energy. This means that the first-ord
changes ofj „r … do not contribute toF̃A

X .
~iii ! If the exchange energy is described by a hybrid fun

tional, the first-order changes of the KS orbitals w
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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result in a first-order change in the HF part of t
exchange operator thus affecting the calculation
PSO, FC, and SD term.

In the following, the evaluation of the individual contr
butions toKAB within DFT is discussed in more detail.

1. The DSO term

The DSO term depends on the unperturbed KS orbi
only. It can be evaluated either by numerically determin
the integral in Eq.~10b! or evaluating Eq.~14a!. The latter
approach gives the possibility of analyzing orbital contrib
tions to the DSO term. Use of Eq.~14a! requires the calcu-
lation of one-electron integrals of the type

~DAB,pq! i j 5K bpUr A,i

r A
3

r B, j

r B
3 UbqL , ~17!

where ubp&,ubq& are basis functions and indicesi,j denote
Cartesian coordinates. Integrals (DAB,pq) i j have to be evalu-
ated by some approximate numerical method.

2. The PSO term

The calculation of the PSO term can be reduced to
calculation of the matrix elementŝfk

(0)uhA,i
PSOufa

(0)& and

^fk
(0)uF̃A,i

PSOufa
(0)&. The matrix elements containinghA

PSO

eventually lead to vectorsdA,pq with elements

~dA,pq! i5K bpUr A,i

r A
3 UbqL . ~18!

The orbitalsucks
(A),PSO& are not spin polarized. Hence, as d

cussed under~iii ! above,FA
PSO is a nonzero operator onl

when a hybrid exchange functional is used. For a pure D
functional, integral operatorFA

PSO vanishes, and the orbital
ufk

(A),PSO& can be determined from Eq.~15! noniteratively.
For a hybrid exchange functional,F̃A

PSO is equal to the
first-order HF exchange operator scaled by the weight of
exchange in the hybrid functional. To calculateF̃A

PSO in this
case, one constructs the first-order KS density matrix fr
orbitals ufk& and ufk

(A),PSO& and calculates the HF exchang
operator from this first-order density matrix.

3. The FC term

The contribution of the FC interaction to the spin–sp
coupling tensor is isotropic, henceKAB

FC5KAB,zz
FC , i.e., it suf-

fices to calculate one diagonal component ofK= AB . The ma-
trix element of the operatorhA,z

FC is given by Eq.~19!:

^cks
~0!uhA,z

FC ucas8
~0! &5a2sdss8fk~RA!fa~RA!. ~19!

Equation~19! is easy to evaluate, however, an accurate
termination of the FC term requires basis sets that accura
reproduce the KS orbitals close to the nucleus since the
orbitals are probed at the nuclear position. The one-part
operatorF̃A,z

FC is determined by the first-order spin polariz
tion as discussed under~i! above and, provided a hybrid XC
functional is used, by the exact exchange portion as
cussed under~iii !. As can be seen from Eq.~19!, the pertur-
bation does not mixa andb orbitals, and it is
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~A!,FC&5sufk

~A!,FC&uxs&. ~20!

4. The SD term

The computationally most demanding contribution
KAB is the SD term, which is the reason why this term w
neglected in many previous DFT calculations of SSCCs.18–21

If Eq. ~15! is evaluated directly, the spin orbitalsuc (A),SD&
will possess two independent complex components. One
however, simplify the calculation by decomposing the co
ponents ofhA,i

SD according to

hA,i
SD5(

j
s jhA,i j

SD , ~21a!

hA,i j
SD 5a2F3

r A,i

r A

r A, j

r A
2d i j G 1

r A
3 , ~21b!

where s j denotes a Pauli spin matrix. Each terms jhi j is
calculated separately, with the spin quantization axis be
rotated into the directioni for each of the perturbation cal
culations. This rotation makes the operatorhA,i j

SD s j real and
diagonal in spin space, and the perturbed orbitals can
expressed by real spin-free first-order orbitalsufk,i j

(A),SD&
analogously as for the FC term. The final result for the S
term becomes

KAB
SD5

2

3 (
k

occ

@^fkuhA,xx
SD ufk,xx

~B!,SD&1^fkuhA,yy
SD ufk,yy

~B!,SD&

1^fkuhA,zz
SD ufk,zz

~B!,SD&12~^fkuhA,xy
SD ufk,xy

~B!,SD&

1^fkuhA,xz
SD ufk,xz

~B!,SD&1^fkuhA,yz
SD ufk,yz

~B!,SD&!#. ~22!

Equations~12!–~22! form a set of working equations for th
DFT calculation of NMR SSCCs.

The calculations ofKAB according to Eqs.~10! with the
orbitals from Eq.~9! or according to Eq.~14! with the orbit-
als from Eq.~15! implies perturbing the molecule by addin
a magnetic moment at nucleusB ~‘‘perturbing nucleus’’! and
monitoring the effect of this perturbation onto a magne
moment at nucleusA ~‘‘responding nucleus’’!. As mixed
second derivatives with respect toMA andMB , theKAB are
symmetric by definition, hence perturbing and respond
nucleus may be interchanged in the calculation. Within
many-body Schro¨dinger formalism, this interchange leave
the equations forKAB unchanged, as one sees by inserti
Eqs. ~9! into Eqs.~10!. In contrast, for DFT the difference
between the operatorshA

X and FA
X leads to a change in th

form of the equations. In connection with numerical limit
tions, especially the use of finite basis sets, the result forKAB

may change due to an interchange of perturbed and resp
ing nuclei, as was shown by Dickson and Ziegler.20 We note
in this connection that this numerical error can be redu
when Eq.~10! or Eq. ~14!, respectively, is replaced by a
expression symmetric in perturbed and responding nucleu35

which, however, leads to an undesirable increase in com
tational cost.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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III. IMPLEMENTATION AND COMPUTATIONAL
DETAILS

The formalism described in Sec. II B was implement
into the program packageCOLOGNE9936 in the way that SS-
CCs can be calculated at both the HF, the pure DFT, and
hybrid DFT levels of theory. A procedure similar to the d
rect inversion of the iterative subspace~DIIS!37 was applied
to accelerate the convergence of the CPDFT or CPHF
cedures. The integrals (dA,pr) i were calculated by the
McMurchie–Davidson algorithm.38

For the calculation of integrals (DAB,pq) i j , we applied
the resolution of the identity to relate theD integrals to in-
tegrals (dA,pr) i according to Eq.~23!:

~DAB,pq! i j '(
rr 8

~dA,pr! i~S21!rr 8~dB,r 8q! j , ~23a!

Srr 85^br ubr 8&. ~23b!

Equation ~23a! is exact for a complete~and thus infinite!
basis set while it will not necessarily provide accurate res
for a given finite basis set. However, it appears justified
use Eq.~23a! for the calculation of the DSO term since:~i!
calculations of magnetic properties generally require
tended basis sets;~ii ! the DSO term is not the dominatin
contribution to the indirect SSCC values. If the results c
culated with Eqs.~23! are not sufficiently accurate, one ma
insert the identity by using an auxiliary basis that is larg
than the basis formed by the functionsbn .

For two molecules, namely CH4 and H2O, for which
reference values for the DSO term are available in
literature,27~a!,39 HF coupling constants were calculated
check whether the use of Eq.~23! is justified. Pople’s
6-311G(d,p) basis set40 was used for H2O and the
(17s,8p,3d/13s,2p)@9s,5p,3d/6s,2p# basis referred to in
Ref. 39 as BS8 for CH4 to comply with the details given in
the literature. In Refs. 27a and 39, the DSO term had b
evaluated with the help of an approximate numerical integ
tion scheme described in Ref. 41. Results of the compar
are given in Table I where in this and all following tables t
values of reduced coupling constantsKAB are given in SI
units @1019m22 kg s22 A22#. In some cases, SSCC valu
are also given in Hz and refer toJ coupling constants for the
isotopes1H, 13C, 15N, 17O, and19F, respectively, where the
conversion factors given in Ref. 12 were used for the cal
lation of J values.

TABLE I. Reduced nuclear spin–spin coupling constants of H2O and CH4

calculated at the CPHF level of theory.a

Molecule Coupling
KDSO

Lit.b
K tot

Lit.b
KDSO

This work
DKDSO

This work

H2O
1K~O, H! 0.067 52.116 20.004 0.063
2K~H, H! 20.596 21.863 20.665 0.069

CH4
1K~C, H! 0.082 52.139 0.218 0.136
2K~H, H! 20.294 22.278 20.276 0.018

aAll values in SI units (1019 kg m22 s22 Å22) obtained with the
6-311G(d,p) basis set~Ref. 40! for H2O and the BS8 basis set of Ref. 3
for CH4.

bTaken from Refs. 27a~H2O! and 39~CH4!.
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The maximum deviation between the DSO terms cal
lated utilizing Eq.~23! and with the integration scheme from
Ref. 41 is 0.136 SI units~0.41 Hz! for the1K~C, H! coupling
constant in CH4, which is equal to 52.139 SI units.39 For the
2K~H, H!SSCCs, the maximum deviation is 0.069 SI un
~0.83 Hz! for H2O, for which 2K~H, H!521.863SI units.27a

Hence, deviations are negligible, which supports the valid
of using Eq.~23! based on assumptions~i! and ~ii !.

The cpu time for calculating all SSCCs of a molecu
scales linearly with the number of perturbing nuclei. If th
calculation of the SSCCs of a molecule is arranged in suc
way that just those values of interest are determined with
few different perturbing nuclei as possible, the numeri
expenses can be decreased considerably, in particula
molecules with high symmetry. For instance, all SSCCs
benzene are calculated with one perturbed C nucleus and
perturbed H nucleus thus effectively exploiting the symme
of the molecule. Ten different types of one-electron integr
have to be calculated, which requires only a small amoun
the total computing time. The latter is dominated by the tim
used for the solution of the CP equations. Hence, the c
puting time of NMR SSCCs scales in a similar way as t
time for calculating the vibrational frequencies for the sa
molecule.

HF and DFT coupling constants were calculated for
molecules, for which accurate experimental SSCC values
known or for whichab initio SSCC values were published
Molecules are grouped for the discussion of results in th
classes. Class A contains the hydrides FH, H2O, NH3, and
CH4. In class B, all hydrocarbons investigated in this wo
are collected (CH4,C2H6,C2H4,C2H2,C6H6,CH3F!, while in
class C molecules with double and triple bonds~CO, CO2,
and N2! are discussed separately.

For the DFT calculations, we used the Becke~B! ex-
change functional42 in connection with the Lee–Yang–Pa
~LYP!43 and Perdew–Wang 91~PW91!44 correlation func-
tionals. The influence of exact exchange versus DFT
change was studied by employing the Becke-3~B3! hybrid
exchange functional45 with both the PW91 and LYP correla
tion functionals. In connection with the investigation of co
relation effects, calculations were carried out with hyb
functionals constructed from the exact HF exchange, th
exchange functional, and the LYP correlation functional c
responding thus leading to the XC energy of Eq.~24!

EXC~m,n!5
m

100
~EX

B1EC
LYP!1

n

100
EX

HF, ~24!

whereEX
HF, EX

B , and EC
LYP represent HF exchange energ

Becke exchange energy, and the LYP correlation energy
spectively, while prefactorsm andn can vary from 0 to 100.
Hence,EXC(100,0) is identical with the BLYP XC energy
and EXC(0,100) leads to the HF energy. In this work, th
BLYP(m,n) hybrid functionals BLYP ~90,10!, BLYP
~50,50!, and BLYP~10,90! were used.

All calculations were done for experimenta
geometries46 with basis sets originally developed b
Huzinaga47 and later modified by Kutzelnigg an
co-workers.2 Preliminary calculations were performed wit
the (9s,5p,1d/5s,1p)@6s,4p,1d/3s,1p# basis~basis II in Ref.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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TABLE II. Reduced nuclear spin–spin coupling constants for some hydrides calculated with different DFT methods and HF.a

Molecule Coupling Method DSO PSO FC SD Total

H2
1K~H, H! BLYP 20.26 0.39 23.63 0.25 24.01

23.3 BPW91 20.25 0.39 21.02 0.25 21.41
B3LYP 20.26 0.39 22.63 0.25 23.01

B3PW91 20.25 0.39 20.69 0.25 21.08
BLYP ~90,10! 20.26 0.39 23.71 0.25 24.09
BLYP ~50,50! 20.26 0.39 24.16 0.26 24.55
BLYP ~10,90! 20.26 0.39 24.94 0.28 25.35

HF 20.26 0.39 25.04 0.28 25.45
FH 1K~H, F! BLYP 0.00 18.0 14.96 0.29 33.25

46.862 BPW91 0.00 17.8 11.83 0.25 29.88
B3LYP 0.00 17.81 19.39 0.11 37.31

B3PW91 0.00 17.64 16.80 0.07 34.51
BLYP ~90,10! 0.00 17.94 17.13 0.19 35.26
BLYP ~50,50! 0.00 17.69 26.41 20.24 43.86
BLYP ~10,90! 0.00 17.43 36.96 20.72 53.67

HF 0.00 17.33 39.74 20.83 56.24
H2O

1K~O, H! BLYP 0.09 7.69 33.19 0.50 41.47
48 BPW91 0.10 7.61 29.14 0.48 37.33

B3LYP 0.09 7.68 35.83 0.43 44.03
B3PW91 0.09 7.61 32.57 0.41 40.68

BLYP ~90,10! 0.09 7.69 34.79 0.47 43.04
BLYP ~50,50! 0.09 7.67 41.72 0.29 49.77
BLYP ~10,90! 0.09 7.61 49.89 0.10 57.69

HF 0.09 7.59 52.01 0.05 59.74
H2O

2K~H, H! BLYP 20.58 0.72 20.64 0.08 20.42
20.6 BPW91 20.58 0.72 20.60 0.08 20.38

B3LYP 20.58 0.72 20.76 0.08 20.54
B3PW91 20.58 0.71 20.73 0.08 20.52

BLYP ~90,10! 20.58 0.72 20.74 0.08 20.52
BLYP ~50,50! 20.58 0.71 21.19 0.09 20.97
BLYP ~10,90! 20.59 0.69 21.77 0.11 21.56

HF 20.59 0.69 21.89 0.11 21.68
NH3

1K~N, H! BLYP 0.11 2.62 44.66 0.21 47.60
50 BPW91 0.11 2.59 40.02 0.19 42.91

B3LYP 0.11 2.59 45.44 0.17 48.31
B3PW91 0.11 2.58 41.78 0.16 44.63

BLYP ~90,10! 0.11 2.60 45.67 0.19 48.57
BLYP ~50,50! 0.10 2.55 50.09 0.02 52.76
BLYP ~10,90! 0.10 2.48 55.57 20.02 58.13

HF 0.09 2.46 56.87 20.05 59.37
NH3

2K~H, H! BLYP 20.41 0.49 20.73 0.05 20.60
20.87 BPW91 20.41 0.49 20.71 0.05 20.58

B3LYP 20.41 0.49 20.84 0.05 20.71
B3PW91 20.41 0.49 20.82 0.05 20.69

BLYP ~90,10! 20.41 0.49 20.83 0.05 20.70
BLYP ~50,50! 20.41 0.49 21.27 0.06 21.13
BLYP ~10,90! 20.42 0.48 21.82 0.07 21.69

HF 20.42 0.48 21.93 0.07 21.80

aAll values in SI units. BLYP~m,n! denotes the BLYP-HF hybrid XC functionals described in Eq.~24!. Experimental SSCC values are taken from Ref.
~exception FH: Ref. 50! and are given below the notation of the corresponding reduced SSCC in the second column. Calculations with th
(11s,7p,2d/6s,2p)@7s,6p,/4s,2p# ~basis III in Ref. 2! at experimental geometries~Ref. 46!: H2: r ~H–H!50.741 Å; FH:r ~F–H!50.9169 Å;
H2O: r ~O–H!50.9572 Å,a~HOH!5104.52°; NH3: r ~N–H!51.0124 Å,a~HNH!5106.67°.
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2!, while the actual calculations discussed in this work
done with the (11s,7p,2d/6s,2p)@7s,6p,2d/4s,2p# ~basis III
in Ref. 2!. Actually, these basis sets were developed for
calculation of NMR shielding constants and magnetic s
ceptibilities rather than NMR SSCCs, which require a mo
accurate description of regions close to the nucleus~for a
discussion of the basis set dependence of calculated cou
constants, see, e.g., Ref. 48!. However, since basis sets II an
III contain 6s and 7s descriptions, respectively, of the regio
close to the nucleus and since parallel calculations for N
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chemical shifts were carried out with these basis sets, it
peared reasonable to use~basis II and! basis III in calcula-
tions of SSCCs.

IV. RESULTS AND DISCUSSION

Calculated reduced SSCCK(A,B) are summarized in
Tables II, III, and IV where just values obtained with th
@7s,6p,2d/4s,2p# are reported. The mean absolute deviati
m of calculated SSCC values from the corresponding exp
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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TABLE III. NMR spin–spin coupling constants for some hydrocarbons calculated with different DFT methods and HF.a

Molecule Coupling Method KDSO KPSO KFC KSD K total Jtotal

CH4
1K~C, H! BLYP 0.10 0.57 40.39 0.02 41.08 124.0

41.5 BPW91 0.10 0.56 36.32 0.02 37.00 111.7
~125.3 Hz! B3LYP 0.09 0.55 40.25 0.00 40.89 123.5

B3PW91 0.10 0.55 37.09 0.00 37.74 114.0
BLYP ~90,10! 0.10 0.56 41.01 0.00 41.67 125.8
BLYP ~50,50! 0.09 0.52 43.81 20.05 44.37 134.0
BLYP ~10,90! 0.09 0.48 47.43 20.11 47.89 144.6

HF 0.09 0.48 48.19 20.13 48.63 146.9
CH4

2K~H, H! BLYP 20.27 0.31 20.89 0.03 20.82 29.8
21.05 BPW91 20.27 0.31 20.91 0.03 20.84 210.1

~212.6 Hz! B3LYP 20.28 0.31 20.97 0.03 20.91 210.9
B3PW91 20.28 0.31 20.99 0.03 20.93 211.2

BLYP ~90,10! 20.28 0.31 20.99 0.03 20.93 211.2
BLYP ~50,50! 20.28 0.31 21.42 0.03 21.36 216.3
BLYP ~10,90! 20.28 0.30 21.94 0.04 21.88 222.6

HF 20.28 0.30 22.02 0.04 21.96 223.5
C2H6

1K~C, C! BLYP 0.16 0.34 25.46 1.67 27.63 21.0
45.6 BPW91 0.16 0.31 20.27 1.63 22.37 17.0

~34.6 Hz! B3LYP 0.16 0.35 29.03 1.67 31.21 23.7
B3PW91 0.16 0.33 24.73 1.63 26.85 20.4

BLYP ~90,10! 0.16 0.33 28.31 1.68 30.48 23.2
BLYP ~50,50! 0.16 0.29 41.43 1.71 43.59 33.1
BLYP ~10,90! 0.16 0.25 58.48 1.74 60.63 46.1

HF 0.16 0.25 62.29 1.74 64.44 49.0
C2H6

1K~C, H! BLYP 0.17 0.43 41.66 0.01 42.27 127.7
41.3 BPW91 0.18 0.42 37.75 0.01 38.36 115.8

~124.9 Hz! B3LYP 0.17 0.42 41.63 20.01 42.21 127.5
B3PW91 0.17 0.41 38.59 20.01 39.16 118.3

BLYP ~90,10! 0.17 0.42 42.34 0.00 42.93 129.7
BLYP ~50,50! 0.17 0.39 45.39 20.07 45.88 138.6
BLYP ~10,90! 0.17 0.36 49.31 20.13 49.71 150.1

HF 0.17 0.36 50.13 20.15 50.51 152.5
C2H6

2K~C, H! BLYP 20.09 0.11 21.14 0.02 21.1 23.3
21.5 BPW91 20.09 0.11 21.22 0.02 21.18 23.6

~24.5 Hz! B3LYP 20.09 0.11 21.39 0.02 21.35 24.1
B3PW91 20.09 0.12 21.47 0.02 21.42 24.3

BLYP ~90,10! 20.09 0.11 21.37 0.02 21.33 24.0
BLYP ~50,50! 20.09 0.11 22.42 0.02 22.38 27.2
BLYP ~10,90! 20.09 0.11 23.86 0.02 23.82 211.5

HF 20.09 0.11 24.11 0.02 24.07 212.3
C2H6

2K~H, H! BLYP 20.25 0.28 20.65 0.03 20.59 27.1
BPW91 20.25 0.28 20.69 0.03 20.63 27.6
B3LYP 20.25 0.28 20.74 0.03 20.68 28.2

B3PW91 20.25 0.28 20.77 0.03 20.71 28.5
BLYP ~90,10! 20.25 0.28 20.75 0.03 20.69 28.3
BLYP ~50,50! 20.25 0.28 21.14 0.03 21.08 213.0
BLYP ~10,90! 20.25 0.28 21.64 0.03 21.58 219.0

HF 20.26 0.28 21.71 0.03 21.66 219.9
C2H6

3K~H, H! trans BLYP 20.26 0.26 1.18 0.00 1.18 14.2
0.67 BPW91 20.26 0.26 1.07 0.00 1.07 12.8

~8.0 Hz! B3LYP 20.26 0.26 1.15 0.00 1.15 13.8
B3PW91 20.26 0.26 1.07 0.00 1.07 12.8

BLYP ~90,10! 20.26 0.26 1.19 0.00 1.19 14.3
BLYP ~50,50! 20.26 0.26 1.24 0.00 1.24 14.9
BLYP ~10,90! 20.26 0.26 1.32 0.00 1.32 15.8

HF 20.26 0.26 1.34 0.00 1.34 16.1
C2H6

3K~H, H! gauche BLYP 20.06 0.05 0.33 0.01 0.33 4.0
0.67b BPW91 20.06 0.05 0.30 0.01 0.30 3.6

~8.0 Hz! B3LYP 20.06 0.05 0.33 0.01 0.33 4.0
B3PW91 20.06 0.05 0.31 0.01 0.31 3.7

BLYP ~90,10! 20.06 0.05 0.34 0.01 0.34 4.1
BLYP ~50,50! 20.06 0.05 0.38 0.01 0.38 4.6
BLYP ~10,90! 20.06 0.05 0.45 0.01 0.45 5.4

HF 20.06 0.05 0.46 0.01 0.46 5.5
C2H4

1K~C, C! BLYP 0.10 214.11 81.39 4.01 71.39 54.3
89.1 BPW91 0.11 213.89 72.72 4.30 66.24 48.1
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TABLE III. ~Continued!.

Molecule Coupling Method KDSO KPSO KFC KSD K total Jtotal

~67.6 Hz! B3LYP 0.10 214.30 86.23 4.88 76.91 58.4
B3PW91 0.10 214.15 79.12 5.28 70.35 53.5

BLYP ~90,10! 0.10 214.16 85.45 4.62 76.01 57.8
BLYP ~50,50! 0.09 214.28 110.83 9.46 106.1 80.6
BLYP ~10,90! n.c.c

HF n.c.c

C2H4
1K~C, H! BLYP 0.13 0.16 53.61 0.07 53.97 163.0

51.8 BPW91 0.14 0.14 48.87 0.06 49.21 148
~156.4 Hz! B3LYP 0.13 0.13 53.71 0.04 54.01 163.

B3PW91 0.14 0.11 50.05 0.03 50.33 152.
BLYP ~90,10! 0.13 0.14 54.54 0.05 54.86 165.7
BLYP ~50,50! 0.13 0.08 59.65 20.04 59.82 180.7
BLYP ~10,90! n.c.c

HF n.c.c

C2H4
2K~C, H! BLYP 20.21 20.46 0.03 0.01 20.63 21.9

20.8 BPW91 20.21 20.46 20.15 0.02 20.80 22.4
~22.4 Hz! B3LYP 20.21 20.47 20.48 0.02 21.14 23.4

B3PW91 20.21 20.47 20.66 0.02 21.32 24.0
BLYP ~90,10! 20.21 20.46 20.39 0.01 21.05 23.2
BLYP ~50,50! 20.21 20.47 23.38 0.04 24.02 212.1
BLYP ~10,90! n.c.c

HF n.c.c

C2H4
2K~H, H! BLYP 20.37 0.38 1.11 0.00 1.12 13.4

0.21 BPW91 20.37 0.38 0.91 0.00 0.92 11.0
~2.5 Hz! B3LYP 20.37 0.38 0.97 0.00 0.98 11.8

B3PW91 20.37 0.38 0.80 0.00 0.81 9.7
BLYP ~90,10! 20.37 0.38 1.03 0.00 1.04 12.5
BLYP ~50,50! 20.37 0.38 0.50 0.00 0.51 6.1
BLYP ~10,90! n.c.c

HF n.c.c

C2H4
3K~H, H! cis BLYP 20.06 0.02 0.89 0.00 0.85 10.2

0.97 BPW91 20.06 0.02 0.83 0.00 0.79 9.5
~11.7 Hz! B3LYP 20.06 0.02 0.89 0.01 0.86 10.3

B3PW91 20.06 0.02 0.87 0.01 0.84 10.1
BLYP ~90,10! 20.06 0.02 0.92 0.00 0.88 10.6
BLYP ~50,50! 20.06 0.02 1.25 0.01 1.22 14.6
BLYP ~10,90! n.c.c

HF n.c.c

C2H4
3K~H, H! trans BLYP 20.29 0.26 1.28 0.02 1.27 15.2

1.59 BPW91 20.29 0.26 1.22 0.02 1.21 14.5
~19.1 Hz! B3LYP 20.29 0.26 1.27 0.03 1.27 15.2

B3PW91 20.29 0.26 1.24 0.02 1.23 14.8
BLYP ~90,10! 20.29 0.26 1.31 0.02 1.30 15.6
BLYP ~50,50! 20.29 0.26 1.64 0.06 1.67 20.1
BLYP ~10,90! n.c.c

HF n.c.c

C2H2
1K~C, C! BLYP 0.10 9.32 236.09 14.12 259.63 197.

226.0 BPW91 0.11 9.07 221.38 14.39 244.94 186
~171.5 Hz! B3LYP 0.09 11.03 238.99 15.27 265.38 201.

B3PW91 0.10 10.75 226.96 15.62 253.43 192
BLYP ~90,10! 0.09 10.09 239.26 15.02 264.46 201.
BLYP ~50,50! 0.09 13.84 264.76 20.07 298.76 227.
BLYP ~10,90! n.c.c

HF 0.09 20.49 492.28 40.21 553.07 420.
C2H2

1K~C, H! BLYP 0.07 20.20 84.71 0.21 84.79 256.1
82.4 BPW91 0.08 20.21 77.84 0.20 77.91 235.3

~248.7 Hz! B3LYP 0.07 20.39 84.39 0.17 84.24 254.4
B3PW91 0.07 20.39 79.11 0.17 78.96 238.5

BLYP ~90,10! 0.07 20.29 85.87 0.19 85.84 259.2
BLYP ~50,50! 0.07 20.67 92.53 0.19 92.12 278.2
BLYP ~10,90! n.c.c

HF 0.06 21.27 130.17 1.29 130.25 393.4
C2H2

2K~C, H! BLYP 20.45 1.91 15.66 0.29 17.41 52.6
16.3 BPW91 20.45 1.89 14.88 0.31 16.63 50.2

~49.3 Hz! B3LYP 20.45 2.05 15.15 0.31 17.06 51.5
B3PW91 20.45 2.04 14.51 0.31 16.41 49.6

BLYP ~90,10! 20.45 1.97 15.47 0.3 17.29 52.2
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TABLE III. ~Continued!.

HF 20.45 2.77 220.21 20.89 218.78 256.7
Molecule Coupling Method KDSO KPSO KFC KSD K total Jtotal

BLYP ~50,50! 20.45 2.27 12.64 0.26 14.72 44.4
BLYP ~10,90! n.c.c

HF 20.45 2.77 220.21 20.89 218.78 256.7
C2H2

2K~H, H! BLYP 20.30 0.39 0.65 0.04 0.78 9.4
0.8 BPW91 20.30 0.39 0.68 0.05 0.82 9.8

~9.6 Hz! B3LYP 20.30 0.41 0.69 0.05 0.85 10.2
B3PW91 20.30 0.41 0.73 0.05 0.89 10.7

BLYP ~90,10! 20.30 0.40 0.71 0.05 0.86 10.3
BLYP ~50,50! 20.30 0.42 1.27 0.08 1.47 17.6
BLYP ~10,90! n.c.c

HF 20.30 0.46 6.34 0.26 6.76 81.2
CH3F

1K~C, F! BLYP 0.14 11.4 2108.05 7.73 288.78 2252.1
257.0 BPW91 0.14 11.5 2107.59 7.63 288.32 2250.8

~161.9 Hz! B3LYP 0.14 11.84 299.77 7.81 279.98 2227.1
B3PW91 0.14 11.88 299.88 7.74 280.12 2227.5

BLYP ~90,10! 0.14 11.45 2104.38 7.76 285.03 2241.5
BLYP ~50,50! 0.13 11.49 287.96 7.87 268.56 2194.7
BLYP ~10,90! 0.13 11.19 268.71 7.94 249.45 2140.4

HF 0.13 11.21 263.69 7.97 244.56 2126.6
CH3F

1K~C, H! BLYP 0.22 20.04 47.58 0.01 47.77 144.3
49.4 BPW91 0.23 20.04 43.15 0.01 43.35 130.9

~149.1 Hz! B3LYP 0.23 20.03 47.79 20.01 47.98 144.9
B3PW91 0.22 20.04 44.32 20.01 44.49 134.4

BLYP ~90,10! 0.22 20.03 48.49 20.01 48.67 147.0
BLYP ~50,50! 0.22 20.03 52.53 20.07 52.65 159.0
BLYP ~10,90! 0.21 20.03 57.48 20.15 57.51 173.7

HF 0.21 20.03 58.51 20.16 58.53 176.8
CH3F

2K~H, F! BLYP 20.16 1.19 3.60 20.25 4.38 49.5
4.11 BPW91 20.16 1.22 3.28 20.26 4.08 46.1

~46.4 Hz! B3LYP 20.16 1.16 3.76 20.26 4.50 50.8
B3PW91 20.16 1.18 3.49 20.27 4.24 47.9

BLYP ~90,10! 20.16 1.17 3.77 20.26 4.52 51.1
BLYP ~50,50! 20.16 1.09 4.33 20.30 4.96 56.0
BLYP ~10,90! 20.16 1.03 4.64 20.35 5.16 58.3

HF 20.16 1.01 4.69 20.36 5.18 58.5
CH3F

2K~H, H! BLYP 20.23 0.24 20.59 0.04 20.54 26.5
20.8 BPW91 20.23 0.24 20.62 0.04 20.57 26.9

~29.6 Hz! B3LYP 20.23 0.24 20.69 0.04 20.64 27.7
B3PW91 20.23 0.24 20.72 0.04 20.67 28.0

BLYP ~90,10! 20.23 0.24 20.69 0.04 20.64 27.7
BLYP ~50,50! 20.23 0.24 21.11 0.04 21.06 212.7
BLYP ~10,90! 20.23 0.24 21.61 0.05 21.55 218.6

HF 20.24 0.25 21.68 0.05 21.62 219.5

aK values in SI units,J values in Hz. BLYP~m,n! denotes the BLYP–HF hybrid XC functionals described in Eq.~24!. Experimental SSCC values are take
from Ref. 12~exception CH4:

1K~C, H!, Ref. 51;2K~H, H!, Ref. 52! and are given below the notation of the corresponding reduced SSCC in the se
column. Calculations with the basis (11s,7p,2d/6s,2p)@7s,6p,2d/4s,2p# ~basis III in Ref. 2! at experimental geometries~Ref. 46!: CH4: r ~C–H!
51.086 Å; C2H6: r ~C–C!51.526 Å, r ~C–H!51.088 Å, a~HCH!5107.4°; C2H4: r ~C–C!51.339 Å, r ~C–H!51.088 Å, a~HCH!5117.4°;
C2H2: r ~C–C!51.203 Å, r ~C–H!51.061 Å; CH3F: r ~C–F!51.383 Å, r ~C–H!51.094 Å, a~FCH!5108.6°.

bAverage value fortrans andgauche3K~H, H! SSCC for the staggered conformation.
cNot converged.
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mental values49–55 is m55.0 SI units for the
@7s,6p,2d/4s,2p# basis set and 8.3 SI units for the small
@6s,4p,1d/3s,1p# basis at the B3LYP level of theory. Rela
tively large differences between SSCC values obtained w
the two basis sets are in most cases dominated by a l
difference in the FC contribution. For all molecules cons
ered in this work, the value ofm for calculatedK values
~relative to the experimentally basedK! is 5.8 at BLYP~90,
10!, 6.3 at B3PW91, 6.8 at BLYP, 7.4 at BLYP~50, 50!, 8.5
at BPW91, 17.1 at BLYP~10, 90!, and 36.9 SI units at HF
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which means that the B3LYP functional provides the b
overall performance with regard to SSCCs.

A. AHn molecules „class A …

For class A~Table II!, the BLYP ~50, 50! functional
leads to the smallest deviations of calculated SSCCs f
experimental values~mean absolute errorm51.5 SI units!
although B3LYP also provides reasonable valu
@m~B3LYP!52.1 SI units#. In the following, we will refer to
the latter if not otherwise noted. Both1K~A–H! and
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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TABLE IV. NMR spin–spin coupling constants for benzene calculated with the B3LYP functional.a

Coupling Method KDSO KPSO KFC KSD K total Jtotal

1K(C, C) 0.30 29.49 84.58 1.78 77.17 58.6 56.0
2K(C, C) 20.03 0.09 21.47 21.17 22.58 22.0 2.5b
3K(C, C) 20.01 0.69 11.09 2.52 14.29 10.9 10.0
1K(C, H) 0.25 0.09 52.09 0.04 52.47 158.5 158.4
2K(C, H) 20.12 20.28 1.02 0.01 0.63 1.9 1.1
3K(C, H) 20.16 0.13 2.58 20.02 2.53 7.6 7.6
4K(C, H) 20.15 0.14 20.41 0.01 20.41 21.2 21.3
3K(H, H) 20.03 0.02 0.62 0.00 0.61 7.3 7.7c

4K(H, H) 20.15 0.15 0.11 0.00 0.11 1.3 1.4c

5K(H, H) 20.15 0.15 0.05 0.01 0.06 0.7 0.6c

aK values in SI units,J values in Hz. Experimental SSCC values are taken if not otherwise noted from Re
Calculations with the basis (11s,7p,2d/6s,2p)@7s,6p,2d/4s,2p# ~basis III in Ref. 2! at the experimental ge-
ometry ~Ref. 46!: r (C–C)51.399 Å, r (C–H)51.101 Å.

bSign unknown.
cReference 53.
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2K~H–A–H!SSCCs increase in absolute value with decre
ing atomic number of the heavy atom A~FH: 37.3; H2O:
44.0; NH3: 48.3 SI units, Table II!. These trends are dom
nated, with a few exceptions found for2K~H–A–H!, by the
FC term~FH: 19.4; H2O: 35.8; NH3: 45.4 SI units, Table II!.

The FC interaction is mediated by spin polarization
the s-type valence electrons. According to Eq.~19! spin po-
larization will be large if there are both occupied and lo
lying virtual orbitals present that have distincts character at
both of the coupling nuclei. There is always a relatively lar
rather spherically electron maximum of the density at
nucleus of heavy atom A due to thes-electrons, however
depending on the electronegativity of A and the polarity
the bond A–H the density maximum at nucleus H and the
contribution will vary thus explaining the trends in calc
lated FC and1K~A–H! values in the series FH,H2O,NH3

~Table II!. Different XC functionals will differ in the descrip-
tion of the nuclear region and thes-electron density, which
explains the sensitivity of the FC contributions to the X
functional ~Table II!.

The PSO term is important for the1K values of the
hydrides where it decreases~opposite to the FC contribution!
in the order: FH: 17.8, H2O: 7.7, NH3: 2.6, CH4: 0.6 SI
units. For H2 and the2K~H–A–H!SSCCs, the PSO contri
butions are all, 1 SI unit, but reveal a similar trend a
observed for the PSO contribution to1K. The PSO interac-
tions result from paramagnetic electron currents in the
lence orbitals, which become significant when occupied
low-lying virtual orbitals are present that have distinct no
s-character~p-, d-orbitals! at the two coupled nuclei. In the
series CH4 to FH, the increase of the electronegativity of t
heavy atom A leads to a polarization of the A–H bond de
sity so that the electron density at the H atom becomes m
anisotropic, which is described by the inclusion of mo
p-type polarization functions at the H atom into the A–
bonding orbital. Accordingly, the electron density at the
atom determines the increase of the PSO term with incr
ing electronegativity of A.

The electronegativity of A leads to a lowering of th
energy of thes* ~AH! orbital, which in connection with the
increasedp-character at H also influences the magnitude
n 2005 to 129.16.87.99. Redistribution subject to AIP
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the PSO term. Matrix elements including the angular m
mentum operator as in the case of the PSO term will
relatively large if they involve a high-lying lone pair orbita
with px or py character and a low-lyings* ~AH! orbital with
considerablepz character at both coupling nuclei, which
the situation for H2O and FH. Sinces orbitals do not con-
tribute to the PSO term~the PSO matrix elements becom
zero!, the PSO interaction does not probe the electron d
sity distribution in the immediate vicinity of the nucleu
which is the reason why the choice of the method~XC func-
tional, basis set! influences the PSO term less strongly th
the FC term.

The DSO term is smaller than 1 SI unit for all molecul
considered~Table II! and nearly independent of the XC func
tional. The~absolutely seen! largest DSO terms are found fo
the2K~H–A–H! coupling constants in H2O ~20.58 SI units!
and NH3 ~20.41 SI units! where they lead to a canceling o
the PSO contribution of opposite sign. The DSO contribut
for H2 is 20.26 SI units~PSO: 0.39, Table II! and, by this, it
is smaller than for the2K~H–A–H! coupling constants bu
larger than for the1K~A–H! coupling constants in FH, H2O,
and NH3 ~Table II!. In distinction to the other SSCC term
the DSO term is determined by the electron density of
unperturbed state of the molecule. This implies that the m
nitude of the DSO contribution is less dependent on
chemical environment of the coupling nuclei than the oth
terms. The choice of the XC functional, or more genera
the choice of the calculational method, will be of little influ
ence for the value of the DSO contribution as long as
electron density is described reasonably.

Although the calculated DSO contributions are all rath
small, it pays out to get a better understanding of the D
term so that unusual DSO values for larger molecules can
better understood. The major contributions to the DSO p
of the tensorK= result from the core densities at the tw
coupled nuclei. These contributions are mainly anisotro
~see Appendix A! and, therefore, add only little to the iso
tropic averageK, which explains the relatively small abso
lute magnitude of the DSO contributions toK. For instance,
the principal values of the DSO contribution toK= for FH are
1.57 and23.14 SI units, respectively, while the isotrop
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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average is 1.131023SI units. If there are third atoms in th
molecule that are close to both coupling nuclei, then the c
electron densities of these atoms will be responsible for
main contribution toK. This explains why the DSO contri
butions to the2K coupling constants are generally high
than those to the1K coupling constants. The larger DS
contribution in H2 in comparison with the1K coupling con-
stants in FH, H2O, and NH3 is due to the shorter bond lengt
in H2 ~see Appendix A!.

The SD term makes no significant contribution toK for
the molecules in class A, its absolute value being below 1
unit in all cases. The values are sensitive to the calculat
method employed.

B. Hydrocarbon molecules „class B …

For the molecules of this class, the B3LYP values p
vide the best agreement with experiment as reflected bm
54.5 SI units~Table III!. Calculated SSCC values show th
same trends as the corresponding experimental values
since the latter were discussed in the literature in detail,
refrain from analyzing these trends and consider inst
some typical relationships between the electronic structur
a molecule and its SSCCs.

The calculated1K~C–H!SSCCs increase in the orde
CH4 ~40.9 SI units; 1J5123.5 Hz!, C2H6~42.2;127.5!,
CH3F~48.0;144.9!, C2H4~54.0;163.1!, C2H2~84.2;204.9!.
Again, this trend is dominated by the value of the FC pa
which in turn reflects the different electronic situations. T
2K~H–C–H!SSCCs (m54.3 Hz) are all smaller than 1 S
unit while the 2K~C–C–H!SSCCs are in the order of 1 S
unit except for C2H2, where the calculated value is 17.06
units ~51.5 Hz! in good agreement with the experiment
value of 49.2 Hz.12 The3K~H–C–C–H!SSCCs are all below
1 SI unit with the known trend oftrans-SSCCs being highe
than the correspondingcis- or gauche-SSCCs values.12 The
calculated1K~C–C!SSCCs (m54.2 Hz) increase in the or
der C2H6 ~31.2 SI units, 23.7 Hz!, C2H4~76.9,58.4!, and
C2H2 ~265.4, 201.4, Table III! where again the FC term
dominates~29.0; 86.2; 239.0 SI units!. In contrast to the
1K~C–H!SSCCs the PSO~0.35;214.30; 11.03 SI units! and
SD terms~1.67; 4.88; 15.27 SI units! make nonnegligible
contributions to the1K~C–O! values.

The increase of the FC~C–C! term with increasing bond
multiplicity is usually explained by the increasings character
of the bonding C–Cs orbital in the series C2H6 ~sp3 hybrid-
ization!, C2H4(sp2), and C2H2(sp). In addition, the FC and
SD interactions are mediated by changes in the orbitals
give rise to spin polarization, i.e., that kind of changes t
are described by triplet~T! excitations in wave function
theory~see, e.g., Ref. 25 and Appendix B!. Such changes ar
easier to induce the larger the gain in XC energy caused
the spin polarization is. One can test the tendency of a gi
molecule to spin polarize by calculating its magnetic susc
tibility or, simpler, by determining the stability of the re
stricted DFT~RDFT! of the molecule: The lower the extern
stability of the RDFT description, the larger is the tenden
of mixing in aT wave function into the DFT state function o
the molecule and thus yielding an unrestricted DFT~UDFT!
Downloaded 08 Jan 2005 to 129.16.87.99. Redistribution subject to AIP
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description. Accordingly, the spin polarizability of the mo
ecule is larger as is the gain in XC energy. Hence, the ex
nal stability of the RDFT description can be directly relat
to the magnitude of the two response terms FC and SD.

The external stability of the RDFT description56,57 de-
creases with increasing bond multiplicity, the lowest eige
values for singlet-triplet~S-T! transitions of the Hessian ma
trix being 0.31, 0.31, 0.31 for C2H6, 0.10, 0.26, 0.26 for
C2H4, and 0.13, 0.17, 0.17 for C2H2. The decrease of exter
nal stability in a closed-shell molecule is in turn an indic
tion for the onset of nondynamic~static! electron correlation.
Hence, the increase in the FC and SD contributions w
increasing bond multiplicity within class B is related to th
nondynamic electron correlation effects occurring in mu
ply bonded systems. Generally, DFT is poor at describ
static electron correlation effects. The error caused by
shortcoming is larger for the unperturbed nonspin polariz
state than for the perturbed spin polarized one, thus lead
to an unbalanced description of perturbed and unpertur
states and inaccurate values for the FC and SD terms.
same problem occurs at the HF level of theory where i
more serious as HF does not cover~dynamic or static! cor-
relation effects at all. This is responsible, e.g., for the la
exaggeration of the FC and SD terms and, consequently
total coupling constants of C2H2 at HF and is probably also
the reason why the CPHF iterations did not converge
C2H4 ~see Table III!.

For the SD mechanism to be effective, either a pair of
occupieds(d) and a low-lying virtuald(s) orbital or a pair
of an occupiedp and a low-lying unoccupiedp orbital are
necessary. This becomes obvious when considering the f
of the one-electron SD operator Eq.~21b! ~components:
xx,xy, etc.! and the expression for the SD part in Eq.~22!.
Accordingly, thep2p* pairs in multiple C–C bonds are
important for an effective SD interaction as well as an effe
tive PSO interaction mechanism.

Similarly as for the molecules of class A, the DSO co
tribution is always smaller than 1 SI unit for class B mo
ecules. The effect of a third nucleus in the vicinity of th
coupling nuclei can be observed in the same way as for c
1; for instance, the DSO contribution to the2K~H–C–H!
coupling constant in CH4 is 20.27 SI units as compared t
0.09 SI units for the1K~C–H! coupling constant.

Table IV givesK and JSSCCs for benzene calculate
with the B3LYP functional. Agreement between calculat
and measured SSCCs49,53 for J~C, H!, J~C, H!, andJ~H, H!
are satisfactory as reflected bym values of 2.7 Hz, 0.3 Hz,
and 0.2 Hz, respectively, for basis set III. It is notewort
that the 1J~C–C!, 1J~C–H!, and 3J~H–C–C–H! coupling
constants for benzene are close to their counterparts in C2H4

whereas the2J~C–C–H! coupling constants have differen
signs in C2H4 and C6H6.

Most of the coupling constants for the molecules of cla
B follow the general rule that the sign of the SSCCs alt
nates with the number of bonds separating the coupling
clei, i.e., that1K coupling constants are positive,2K coupling
constants negative,3K coupling constants positive, etc. How
ever, substituent or geometrical effects can lead to a cha
sign as for example in the case of the2K~H–C–H!SSCC of
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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TABLE V. Reduced nuclear spin–spin coupling constants for CO, CO2, and N2 calculated with different DFT methods and HF.a

Molecule Coupling Method DSO PSO FC SD Total

CO 1K(C, C) BLYP 20.22 235.51 233.41 13.97 255.17
241.1b BPW91 20.21 235.95 240.96 13.60 263.52

B3LYP 20.22 234.88 227.02 14.97 247.15
B3PW91 20.22 235.26 233.79 14.72 254.55

BLYP 90/10 20.22 235.05 229.85 14.70 250.42
BLYP 50/50 20.23 232.88 212.31 17.96 227.46
BLYP 10/90 20.24 230.24 12.89 22.12 4.53

HF 20.24 229.65 19.93 22.91 12.95
CO2

1K(C, O) BLYP 0.19 211.41 263.13 7.11 267.24
239.4b BPW91 0.20 211.14 270.66 6.99 274.61

B3LYP 0.19 212.38 250.24 6.88 255.55
B3PW91 0.19 212.16 256.85 6.80 262.01

BLYP 90/10 0.19 211.89 256.74 7.06 261.38
BLYP 50/50 0.19 213.58 229.46 6.75 236.10
BLYP 10/90 0.18 214.87 2.36 6.34 25.99

HF 0.17 215.15 10.39 6.17 1.58
CO2

2K(O, O) BLYP 20.41 12.39 238.65 26.03 20.64
BPW91 20.41 11.04 238.51 25.23 22.65
B3LYP 20.41 14.73 233.12 28.21 9.41

B3PW91 20.41 13.52 233.57 27.54 7.08
BLYP 90/10 20.41 13.48 236.09 27.42 4.40
BLYP 50/50 20.41 17.43 221.25 32.84 28.61
BLYP 10/90 20.41 20.24 2.05 37.94 59.82

HF 20.41 20.83 13.52 38.84 72.78
N2

1K(N, N) BLYP 20.26 234.49 222.08 24.68 232.15
22067c BPW91 20.26 235.27 230.22 24.14 241.61

B3LYP 20.27 231.37 215.03 28.74 217.93
B3PW91 20.27 232.14 222.61 28.38 226.64

BLYP 90/10 20.27 232.90 218.16 27.21 224.12
BLYP 50/50 20.28 224.03 3.53 42.15 21.37
BLYP 10/90 20.29 29.26 59.57 79.69 129.71

HF 20.29 24.14 91.85 97.26 184.68

aReduced SSCCs in SI units. BLYP~m,n! denotes the BLYP–HF hybrid XC functionals described in Eq.~24!. Experimental SSCC values are given belo
the notation of the corresponding reduced SSCC in the second column. Calculations with the basis (11s,7p,2d/6s,2p)@7s,6p,2d/4s,2p# ~basis III in Ref. 2!
at experimental geometries~Ref. 46!: CO:r (C–O)51.128 Å; CO2:r (C–O)51.162 Å; N2:r (N–N)51.0977 Å.

bReference 54.
cReference 55. Sign is unknown.
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C2H4 and the2K~C–C–H!SSCC of C2H2 ~Table III!. Theory
can be used to verify the sign of the SSCC as in the cas
the2K~C–C–C! coupling constant of C6H6, which should be
negative.

C. Molecules with multiple bonds „class C …

The SSCC of molecules CO, CO2, and N2 are more dif-
ficult to calculate than those of class A and class B m
ecules, which is reflected by theK values listed in Table V,
and therefore, we discuss these molecules separately
B3LYP, absolute SSCC values deviate bym58.1 SI units
the average, which is small compared to HF results~m
591.3 SI units!. The latter result confirms that HF perform
poorly when calculating SSCCs of multiple-bond
molecules.25 Both PSO and SD terms are nonnegligible
comparison to the FC term while the DSO term is negligi
contributing less than 1 SI units to the totalK value. The FC
and SD terms depend on the choice of the XC functio
more strongly than the PSO term. As discussed in connec
with multiple-bonded molecules of class B, the FC and
terms are sensitive to the balanced treatment of electron
Downloaded 08 Jan 2005 to 129.16.87.99. Redistribution subject to AIP
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relation in the unperturbed and perturbed states, which
different for different XC functionals as well as betwee
DFT and HF theory.

D. Comparison of CPDFT and SOS DFT

In Table VI, SSCCs calculated at the CPDFT and at
SOS DFT level of theory are compared for molecules
classes A, B, and C. The mean absolute deviation for
SSCCs considered ism55.0 SI units for CPDFT but 12.8 S
units for SOS DFT. This confirms that the dependence ofF̃A

x

in Eqs. ~16! on the perturbed orbitals, thus requiring an
erative determination of this operator, significantly infl
ences the value of the SSCCs and improves its accur
This coupling, which enters into the CPDFT descriptio
tends to increase the PSO, FC, and SD terms. For the FC
SD terms, SOS DFT does not account for the possible ene
gain caused by spin polarization and accordingly undere
mates the response of the orbitals to the perturbation by
magnetic fields of the nuclei, i.e.,T andS excitations in the
sense of Appendix B are treated in the same way.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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TABLE VI. Comparison of reduced NMR spin–spin coupling constants calculated with CPDFT and SOS DFT using the B3LYP functional.a

Molecule Coupling Method DSO PSO FC SD Total

H2
1K(H, H) CPDFT 20.26 0.39 22.63 0.25 23.01

23.3 SOS DFT 0.36 9.78 0.16 10.04
FH 1K(H, F) CPDFT 0.00 17.81 19.39 0.11 37.31

46.862 SOS DFT 14.22 15.05 0.39 29.66
H2O

1K(O, H) CPDFT 0.09 7.68 35.83 0.43 44.03
48 SOS DFT 6.36 23.47 0.39 30.31

2K(H, H) CPDFT 20.58 0.72 20.76 0.08 20.54
20.6 SOS DFT 0.64 0.11 0.04 0.21

NH3
1K(N, H) CPDFT 0.11 2.59 45.44 0.17 48.31

50 SOS DFT 2.26 26.82 0.17 29.36
2K(H, H) CPDFT 20.41 0.49 20.84 0.05 20.71

20.87 SOS DFT 0.45 0.05 0.03 0.12
CH4

1K(C, H) CPDFT 0.09 0.55 40.25 0.00 40.89
41.5 SOS DFT 0.49 22.41 0.04 23.03

2K(H, H) CPDFT 20.28 0.31 20.97 0.03 20.91
21.05 SOS DFT 0.29 20.02 0.02 0.01

C2H6
1K(C, C) CPDFT 0.16 0.35 29.03 1.67 31.21

45.6 SOS DFT 0.27 9.67 1.08 11.18
1K(C, H) CPDFT 0.17 0.42 41.63 20.01 42.21

41.3 SOS DFT 0.37 23.01 0.03 23.58
2K(C, H) CPDFT 20.09 0.11 21.39 0.02 21.35

21.5 SOS DFT 0.11 0.36 0.01 0.39
2K(H, H) CPDFT 20.25 0.28 20.74 0.03 20.71

SOS DFT 0.26 0.08 0.02 0.11
3K(H, H) trans CPDFT 20.26 0.26 1.15 0.00 1.15

~0.67!b SOS DFT 0.24 0.53 0.00 0.51
3K(H, H) gauche CPDFT 20.06 0.05 0.33 0.01 0.33

~0.67!b SOS DFT 0.05 0.14 0.00 0.13
C2H4

1K(C, C) CPDFT 0.10 214.34 86.23 4.88 76.87
89.1 SOS DFT 210.70 50.75 1.08 41.23

1K(C, H) CPDFT 0.13 0.13 53.71 0.04 54.01
51.8 SOS DFT 0.17 29.08 0.06 29.44

2K(C, H) CPDFT 20.21 20.47 20.48 0.00 21.16
20.8 SOS DFT 20.33 1.56 0.02 1.04

2K(H, H) CPDFT 20.37 0.38 0.97 0.00 0.98
0.21 SOS DFT 0.35 0.82 0.00 0.80

3K(H, H) cis CPDFT 20.06 0.02 0.89 0.01 0.86
0.97 SOS DFT 0.02 0.35 0.00 0.31

3K(H, H) trans CPDFT 20.29 0.26 1.27 0.03 1.27
1.59 SOS DFT 0.25 0.54 0.0 0.50

C2H2
1K(C, C) CPDFT 0.01 11.03 238.99 15.26 265.29

226.0 SOS DFT 5.38 173.09 5.64 184.12
1K(C, H) CPDFT 0.07 20.38 84.39 0.17 84.25

82.4 SOS DFT 20.07 46.91 0.12 47.03
2K(C, H) CPDFT 20.45 2.05 15.15 0.31 17.06

16.3 SOS DFT 1.51 9.37 0.21 10.64
2K(H, H) CPDFT 20.30 0.41 0.69 0.05 0.85

0.8 SOS DFT 0.36 0.22 0.02 0.30
CH3F

1K(C, F) CPDFT 0.14 11.84 299.77 7.81 279.98
257.0 SOS DFT 8.23 266.97 5.05 253.05

2K(C, H) CPDFT 0.23 20.03 47.79 20.01 47.98
49.4 SOS DFT 20.02 26.18 0.03 26.42

1K(H, F) CPDFT 20.16 1.16 3.76 20.26 4.50
4.11 SOS DFT 0.92 1.54 20.11 2.19

2K(H, H) CPDFT 20.23 0.24 20.69 0.04 20.64
20.8 SOS DFT 0.23 0.12 0.02 0.14

CO 1K(C, O) CPDFT 20.22 234.88 227.02 14.97 247.15
241.1 SOS DFT 226.83 225.27 7.17 245.15

CO2
1K(C, O) CPDFT 0.19 212.38 250.24 6.88 255.55

239.4 SOS DFT 210.22 223.56 4.03 229.56
2K(O, O) CPDFT 20.41 14.73 233.12 28.21 9.41

SOS DFT 6.94 222.19 11.85 23.81
N2

1K(N, N) CPDFT 20.27 231.37 215.03 28.74 217.93
220.0c SOS DFT 226.17 217.91 10.97 233.38

aAll values in SI units. Experimental SSCC values~see Tables II, III, and IV! are given below the notation of the corresponding reduced SSCC in the se
column. Calculations with the basis (11s,7p,2d/6s,2p)@7s,6p,2d/4s,2p# ~basis III in Ref. 2! at experimental geometries~Ref. 46! ~see Tables II, III, and V!.

bAverage value fortrans andgauche3K(H, H) SSCC for the staggered conformation.
cSign is unknown.
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V. CONCLUSIONS

For the first time, the CPDFT formalism for the calcul
tion of NMR spin–spin coupling constants was implemen
completely. We calculated coupling constants for seve
classes of molecules and investigated the influence of the
functional, the basis set, and the coupling in the CPD
equations on the results. The following conclusions can
drawn from this work:

~1! DFT is useful to calculate SSCC with a reasonable
curacy at reasonable cost. In this way, the calculation
SSCC for larger molecules becomes possible.

~2! The inclusion of electron correlation effects via the X
functional makes DFT clearly superior to HF when c
culating SSCCs. Especially for molecules that are cl
to an external instability~see Sec. IV!, DFT still yields
SSCCs of reasonable accuracy while HF completely f
as was pointed out before by other authors~see, e.g.,
Ref. 25!.

~3! The SD contribution to the coupling constants is sign
cant in systems with multiple bonds. Calculating the S
contribution to the SSCC increases its accuracy.

~4! Of all XC functionals considered in this work, B3LYP
leads to the highest accuracy for the set of molecu
investigated. This is in line with the general experien
that B3LYP performs well for the calculation of elec
tronic properties. We therefore recommend the use
B3LYP for the calculation of SSCCs.

~5! The DFT values for coupling constants are sensitive
the basis set. Hence, care has to be taken with the ch
of the basis set.

~6! It is important to treat the dependence of the DFT ope
tor F̃A

X @Eq. ~16!# on the perturbed orbitals~coupling!
Downloaded 08 Jan 2005 to 129.16.87.99. Redistribution subject to AIP
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within the CPDFT formalism in an appropriate way. Th
application of SOS DFPT21,30 is not justified in general.

~7! The dependence of the FC, DSO, PSO, and SD term
the electronic structure of a molecule was analyzed
in each case predictions were made under which co
tions a particular contribution becomes large.
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~NSC! in Linköping. The authors thank the NSC for a ge
erous allotment of computation time.

APPENDIX A

In this Appendix, it is shown that the contribution t
K= AB

DSO from the s-type densities at atomsA and B is essen-
tially anisotropic. For this purpose, we expressKAB

DSO in terms
of the auxiliary quantityK=̃ AB

DSO for a charge distribution
%(r A) that is rotationally symmetric at the positionRA of
nucleusA:

K=̃ AB
DSO5E d3r%~r A!

rA

r A
3 +

rB

r B
3 . ~A1!

The componentsrA /r A
3 are spherical harmonics withl 51 at

RA . Hence, if one expands the termrB /r B
3 in the integral in

Eq. ~A1! into spherical harmonics atRA , only thel 51 term
of this expansion will contribute toK=̃ AB

DSO. The spherical-
harmonics~von Neumann! expansion ofrB /r B

3 reads58
~A2!

whereRAB5RB2RA , RAB5uRABu, and the underbraces mark thel 51 terms of the expansion. This leads to

~A3!

In the last expression,Q, is the part of the density% inside a sphere with radiusRAB centered atRA and weighted with the
factor RAB /r A.1 while Q. is the part of% outside this sphere, weighted with the factor (RAB /r A)4,1. As the density is
concentrated close toRA ,Q, will in general be large compared toQ. . In atomic units it is
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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K= AB
DSO5a4~Tr K=̃ AB

DSO1=2K=̃ AB
DSO!, ~A4!

hence

K= AB
DSO5a4

1

RAB
4 S Q,F3

RAB

RAB
+

RAB

RAB
21= G12Q.1= D ,

KAB
DSO5a4

2

RAB
4 Q.1= . ~A5!

The tensorK= AB
DSO is dominated by contributions due toQ, .

These contributions are completely anisotropic and onlyQ.

makes a contribution to the isotropic averageKAB
DSO.

For comparison, we estimate the magnitude of the c
tribution to KAB

DSO resulting from the core charge of a thir
nucleusC. In lowest order one can assume that the to
amountQC of this charge is concentrated atRC . Then it is

KAB
DSO'2a4QC

RAC

RAC
3

RBC

RBC
3 . ~A6!

As QC is the total charge at nucleusC, it is in general large
compared toQ. . The prefactorRACRBC /(RACRBC)3 de-
cays rapidly withRAC and RBC . Hence, the contributions
from nucleusC will be most important ifC is bonded with
both A and B, i.e., if KAB is a geminal coupling constan
This explains why the DSO contributions are larger
geminal2K rather than for bond coupling constants1K. In
addition, Eq.~A6! shows that the contribution ofQC to KAB

DSO

will be positive if /ACB is pointed and negative if this
angle is blunt. According to Thales’ theorem, this means t
QC in leading order will make a negative contribution to t
coupling constant if nucleusC lies within the sphere with
diameterAB and a positive contribution forC outside this
sphere as has been pointed out, e.g., in Ref. 30.

APPENDIX B

In wave-function-oriented methods, the behavior of t
PSO term on the one hand and the FC and SD terms on
other hand can be discussed by decomposing the one-pa
excitations of the system intoS andT excitations~see, e.g.,
Ref. 25!. The notion ofS andT excitations makes no imme
diate sense for DFT as the KS determinant must not be
garded as an approximation to the real wave function. Ho
ever, one can represent the first-order changes of the
orbitals in a way that is formally analogous toS andT exci-
tations and allows to discuss the effect on the coupling,
the operatorF̃A

X , on the first-order KS orbitals.
In this Appendix, we shall assume that the perturbat

operatorhss8 is either isotropic in spin space, i.e.,hss8 can be
written as

hss8
S

5hSdss8 , ~B1a!

wherehS is a spin-free operator, or proportional to thesz

spin matrix in spin space, i.e.,hss8 can be represented as

hss8
T

5hTsdss8 , ~B1b!

wherehT is a spin-free operator. Operators that are of
form of Eq. ~B1a! or ~B1b! will be calledS or T operators,
respectively. The operatorshA, j

PSO from Eq. ~6e! areS opera-
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tors. The operatorshA, j
FC from Eq. ~6f! and thehA,i j

SD s j from
Eq. ~21a! areT operators in this sense provided that the s
quantization axis is rotated to thej axis as is tacitly assume
in the following. S andT operators according to this defin
tion do not mixa and b orbitals. The first-order perturbe
KS orbitals can therefore be expanded in the zeroth-or
virtual KS orbitals as

ucks
A &5(

a

virt

cka
s ucas

~0!&. ~B2!

We consider here one component of the vectoruc(A)&; the
indices i for the Cartesian coordinate andA for the nucleus
are omitted in the following.

The coefficientscka
s describe thea andb perturbed or-

bitals separately. Instead of thecka
s , one can introduce ex

pansion coefficientsCka
S ,Cka

T according to

Cka
S 5

1

&
~cka

a 1cka
b !, ~B3a!

Cka
T 5

1

&
~cka

a 2cka
b !. ~B3b!

The Cka
S describe rotations of the KS orbitals that leave t

system spin-unpolarized. If ReCka
S is nonzero, these orbita

rotations result in a first-order change of the total elect
density. These changes of the orbitals correspond toS exci-
tations in wave function theory. TheCka

T describe infinitesi-
mal rotations of the orbitals that leave the total density u
changed but result into spin polarization, i.e., lead to
open-shell system. These orbital rotations correspond tT
excitations in wave function theory.

The transformation of thecka
s into S andT contributions

allows a transparent discussion of the relation between
coupling ~dependence of the operatorF̃A

X on the perturbed
orbitals! in CPDFT and the stability of the KS solution. Fo
this purpose, we write down the change of the total energ
second order in theCka

S , Cka
T :

dE5dE~A!1dE~Ā!1dE~B!1dE~B̄!, ~B4a!

dE~A!5
1

2 (
ka,k8a8

Aka,k8a8 ReCka
S ReCk8a8

S , ~B4b!

dE~Ā!5
1

2 (
ka,k8a8

Āka,k8a8 Im Cka
S Im Ck8a

S , ~B4c!

dE~B!5
1

2 (
ka,k8a8

Bka,k8a8 ReCka
T ReCk8,a

T , ~B4d!

dE~B̄!5
1

2 (
ka,k8a8

B̄ka,k8a8 Im Cka
T Im Ck8a8

T . ~B4e!

Here, theAka,k8a8 , Āka,k8a8 , Bka,k8a8 , and B̄ka,k8a8 are the
stability matrices for real internal stability, complex intern
stability, real external instability, and complex extern
instability.56,57 The eigenvalues of the stability matrices d
termine the stability of the solution against the correspond
kind of perturbations. If one of the matrices has one or m
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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negative eigenvalues, the solution is unstable with respe
the corresponding types of orbital relaxations; if the smal
eigenvalue is positive but close to zero then the system
close to an instability. If the KS operator were independ
of the KS orbitals, the stability matrices would get the for

Aka,k8a85Āka,k8a85Bka,k8a85B̄ka,k8a852dkk8daa8~«a2«k!,

~B5!

and the lowest eigenvalue of all stability matrices were tw
the difference between the orbital energies for LUMO a
HOMO. The dependence of the KS operator on the KS
bitals leads to additional terms in the stability matrices. R
erence 56 gives the explicit form of the stability matrices
HF, Ref. 57 the form ofA, Ā, andB for DFT in local-density
and generalized-gradient approximations. Consequently,
lowest eigenvalues of the stability matrices can beco
smaller than twice the HOMO–LUMO energy differenc
and in particular negative. Hence, instabilities or ne
instabilities of the KS solution are caused by a sm
HOMO–LUMO energy difference in connection with
strong dependence of the KS operator on the orbitals.

If a S or T perturbation is switched on then the tot
energy change up to second order consists ofdE from Eqs.
~B4! and the energy change

dEY5&(
ka

ReCka
Y ^fa

~0! uRehYufk
~0!&

1&(
ka

Im Cka
Y ^fa

~0! uIm hYufk
~0!& ~B6!

with Y5S or Y5T for a S or T operator, respectively. Th
CPDFT equation can be found from the requirement t
dE1dEX has to be stationary under orbital rotations, i.
changes of theCka

X . This leads to linear equation systems f
the Cka

X . The operatorshA,i
PSO are purely imaginary-valuedS

operators, the operatorshA,i
FC and hA,i j

SD s j are purely real-
valuedT operators. For these two cases, the CPDFT eq
tions take the form

(
k8a8

Āka,k8a8 Im Ck8a8
S

5&^fa
~0!uIm hSufk

~0!&, ~B7a!

(
k8a8

Bka ,k8a8 ReCk8a8
T

5&^fa
~0!uRehTufk

~0!&. ~B7b!

These equations are equivalent to the CPDFT set of E
~15!, ~16!. While the coupling is incorporated in the operat
FB

X in Eq. ~15!, it is accounted for in the coefficient matrice
on the l.h.s. in Eqs.~B7a!. If the coupling is neglected, i.e.
Eq. ~B5! is used for the stability matrices, then Eqs.~B7! will
be equivalent to the SOS DFPT equations. Equations~B7!
will yield large values for theCk8a8

Y relative to the matrix
elements of thehY indicating a strong response of the K
orbitals to the perturbation if the corresponding stability m
trix has one or more small eigenvalues. That is, for syste
that are close to a complex internal instability the PSO c
tribution to the coupling constants can be expected to
come large with large differences between SOS DFPT
CPDFT values. The same holds for the FC and SD term
a system close to aS–T instability, as was discussed in Se
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IV. For systems close to some instability, only one or a f
of the eigenvalues of the corresponding stability matrix b
come small. The ratio of the largest and smallest eigenva
of the equation system becomes therefore large, and
equation system becomes ill-conditioned. This explains
convergence problems that occur for the CPHF and CPD
procedures for systems that are close to an instability.
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